Coupling of effective one-dimensional two-level atoms to squeezed light by Clark, Stephen & Parkins, Scott
ar
X
iv
:q
ua
nt
-p
h/
02
12
02
2v
1 
 4
 D
ec
 2
00
2
Coupling of effective one-dimensional two-level
atoms to squeezed light
Stephen Clark and Scott Parkins
Department of Physics, University of Auckland, Private Bag 92019, Auckland, New
Zealand.
Abstract. A cavity QED system is analyzed which duplicates the dynamics of a
two-level atom in free space interacting exclusively with broadband squeezed light. We
consider atoms in a three or four-level Λ-configuration coupled to a high-finesse optical
cavity which is driven by a squeezed light field. Raman transitions are induced between
a pair of stable atomic ground states via the squeezed cavity mode and coherent driving
fields. An analysis of the reduced master equation for the atomic ground states shows
that a three-level atomic system has insufficient parameter flexibility to act as an
effective two-level atom interacting exclusively with a squeezed reservoir. However,
the inclusion of a fourth atomic level, coupled dispersively to one of the two ground
states by an auxiliary laser field, introduces an extra degree of freedom and enables
the desired interaction to be realised. As a means of detecting the reduced quadrature
decay rate of the effective two-level system, we examine the transmission spectrum of
a weak coherent probe field incident upon the cavity.
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1. Introduction
The interaction of squeezed light and atoms is a problem of fundamental interest in
quantum optics [1, 2]. Of particular interest to us here is the prediction by Gardiner
in 1986 [3] that an atom interacting exclusively with squeezed light would display an
inhibited phase decay rate for one of the atomic polarization quadratures. This inhibited
phase decay results in a feature with sub-natural linewidth in the fluorescent spectrum
that is a direct indication of the noise reduction in one quadrature of the squeezed light
field.
Unfortunately, to date, there has only been limited experimental investigation of
the alteration of the fundamental radiative processes of atoms when interacting with
squeezed light [4, 5]. This is in part due to the difficulty of coupling the atom exclusively
to squeezed modes of the incident light field. Here we analyze a scheme to create an
effective two-level atom that can be considered to be one-dimensional [6], i.e., it couples
predominantly to a single field mode of a high-finesse optical cavity. Under appropriate
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Figure 1. Schematic of a 3-level Λ-atom in a cavity driven by squeezed light. The
Raman transition is driven by a detuned coupling laser and the cavity mode.
conditions the damped cavity provides the dominant input and output channel to the
atom. For the atom to interact primarily with squeezed modes then requires that only
the external field modes which couple strongly to the cavity mode must be squeezed.
Experiments in cavity QED involve either beams of atoms traversing the cavity,
or single atoms trapped within it. The major difficulty associated with the use of an
atomic beam is the resulting uncertainty in the number of atoms interacting with the
cavity mode. This was a major limiting factor in the squeezed excitation experiment
of [5]. Fortunately, there have been dramatic recent advances in the field of single-atom
trapping in optical cavities [7, 8, 9, 10]; these advances provide motivation for this paper.
A single 3-level atom in the Λ-configuration, trapped in a high-finesse optical cavity,
with a Raman transition between the ground states that is driven by a coupling laser and
by the cavity mode is recognized as a possible implementation of a qubit (see, e.g., [11]
for a proposed use of such systems in a quantum network). This system is shown
schematically in figure 1. The aim of this paper is to establish parameter regimes under
which a three-level atom in a squeezed optical cavity undergoes the same dynamics as
a two-level atom in free space interacting exclusively with a squeezed vacuum.
The 3-level Λ-atom in a cavity may be analyzed by adiabatically eliminating first
the excited state of the atom and then the cavity mode to obtain a reduced master
equation governing just the evolution of the atomic ground states. It is in this context
that we may refer to it as an effective two-level atom. The adiabatic elimination of
the excited state of the atom may be easily performed by assuming a large detuning
of the light fields driving the Raman transition. After this step we obtain an effective
Jaynes-Cummings interaction between the ground states of the atom and the cavity
mode. The adiabatic elimination of the cavity mode may then be undertaken under the
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assumption that the cavity decay rate dominates the characteristic rate associated with
this interaction.
Two major differences arise between our 3-level Λ-system and an actual two-level
atom. The elimination of the atomic excited state creates level shifts in the two atomic
ground states caused both by the driving laser field and by intra-cavity photons. These
two level shifts are not present in the two-level atom in free space and must be made
identical to keep the atomic quadratures at a constant phase with respect to the external
squeezing. In addition, the level shift in the atomic ground state that couples to the
cavity mode causes a detrimental phase decay due to a coherent scattering process
between the effective two-level atomic system and the intra-cavity photons.
Both of these differences must be made negligible to create an equivalence in the
dynamics between the 3-level Λ-atom in a cavity and a two-level atom in free space
(in the presence of squeezed light). We shall show that there is insufficient flexibility
in the coupling and driving parameters to minimize the undesirable phase decay and
simultaneously equalize the level shifts of the atomic ground states. Thus the three-level
system driven by squeezed light in a cavity is not suitable for simulating the dynamics
of a two-level atom interacting exclusively with squeezed light.
This problem may be overcome by making a small extension to employ a fourth
atomic level and an additional driving laser to virtually excite it. In this new four-
level atomic system we may minimize the effect of the coherent scattering process and
simultaneously balance the level shifts in the two atomic ground states. Therefore, in
the appropriate parameter regime, we show that this four-level system can be used to
reproduce the dynamics of the simpler two-level atom, including the linewidth narrowing
associated with reduced quadrature fluctuations.
It is also pertinent to note that the results in this paper may be straightforwardly
extended to systems containing multiple atoms. It has been shown that the interaction
of squeezed light with multiple two-level atoms can lead to entangled pure atomic
states [12, 13, 14] which have possible applications in quantum teleportation and
quantum computation; this is also a reason for our interest in realising an effective
two-level system with a pair of stable (long-lived) atomic ground states. Note that
squeezed light beams have in fact already been used to induce weak spin-squeezing of
large atomic ensembles [15, 16].
The structure of this paper is as follows. In section 2 we briefly review the
theoretical prediction of inhibited quadrature decay for a two-level atom interacting
exclusively with a broadband squeezed vacuum. In section 3 we consider the dynamics
of a three-level atom in a cavity and show that there is insufficient freedom in the
choice of coupling and driving parameters to faithfully simulate an equivalent two-level
atom interacting with a broadband squeezed light field. To provide more flexibility, we
introduce in section 4 a slightly more complex four-level atomic scheme. A parameter
regime is then identified in which this configuration has the required dynamics. For this
system we include the effects of atomic spontaneous emission in our analysis and also
demonstrate a technique, involving a pair of probe fields, to identify a particular atomic
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quadrature decay rate in the probe transmission spectrum.
2. Two-level atom and broadband squeezed light
The master equation for the density operator ρ describing a two-level atom with
linewidth γ, interacting resonantly (and exclusively) with a broadband squeezed vacuum
characterized by the standard squeezing parameters N and M (|M | =
√
N(N + 1) for
ideal squeezing), is [17, 1]
ρ˙ =
γ
2
(N + 1)
(
2σ−ρσ+ − σ+σ−ρ− ρσ+σ−
)
+
γ
2
N
(
2σ+ρσ− − σ−σ+ρ− ρσ−σ+
)
− γMσ+ρσ+ − γM∗σ−ρσ−, (1)
where σ+ (σ−) is the atomic raising (lowering) operator. Defining σx = σ
+ + σ−,
σy = −i (σ+ − σ−) and σz = σ+σ−−σ−σ+, the equivalent Bloch equations are (takingM
to be real)
d
dt
〈σx〉 = − γx 〈σx〉 , (2)
d
dt
〈σy〉 = − γy 〈σy〉 , (3)
d
dt
〈σz〉 = − γ − γz 〈σz〉 , (4)
with decay rates
γx =
γ
2
(2N + 1 + 2M), (5)
γy =
γ
2
(2N + 1− 2M), (6)
γz = γ(2N + 1). (7)
The decay rate of the 〈σy〉 quadrature may be strongly inhibited when squeezing
parameters are chosen so that N is large and M =
√
N(N + 1) ≈ N + 1
2
. The Bloch
equations that we obtain for the cavity QED systems considered in sections 3 and 4 will
be compared to equations (2–4) to see if they have the same form.
3. Three-level Λ-system in a cavity
In this section we examine the properties of a three-level Λ-atom trapped in a high-finesse
optical cavity of (field) decay rate κ and frequency ω (see figure 2). The annihilation
(creation) operator for the quantized cavity mode is denoted a (a†). The cavity is driven
by squeezed light characterized by the parameters N (real) andM (complex). The atom
is assumed to have two stable ground states, |0〉 and |1〉, which, for simplicity, are taken
to be degenerate in energy. A third excited state |r〉, at an energy of ωr, mediates a
Raman transition between the two ground states. In particular, the transition |1〉 ↔ |r〉
is driven by a highly detuned laser of frequency ωLr (detuning ∆r = ωLr − ωr), phase
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Figure 2. Level scheme for a 3-level Λ-atom in a cavity. The Raman transition is
driven by a coupling laser and the cavity mode. See the text for a description of the
variables.
φ and Rabi frequency Ωr (taken real), while the other transition |0〉 ↔ |r〉 is driven by
the cavity mode. The total spontaneous emission rate from the excited atomic state |r〉
is γr. The driving laser is detuned from the cavity by an amount δ = ωLr − ω. The
squeezed light driving the cavity has a central (or carrier) squeezing frequency of ωLr ,
i.e., the same as the driving laser.
3.1. Master equation
Setting the zero of energy to be the energy of the (degenerate) ground states |1〉 and
|0〉, we may write the master equation for this system, in a non-rotating frame, as
ρ˙ = −i [H, ρ] + Lcavρ+ Lsponρ, (8)
where
H = Hcav +Hatom +Hatom/laser +Hatom/cav , (9)
Hcav = ωa
†a, (10)
Hatom = ωr |r〉 〈r| , (11)
Hatom/laser =
Ωr
2
(
e−iφe−iωLr t |r〉 〈1|+ eiφeiωLr t |1〉 〈r|
)
, (12)
Hatom/cav = g |r〉 〈0| a+ g |0〉 〈r| a†, (13)
and
Lcavρ = κ(1 +N)
(
2aρa† − a†aρ− ρa†a
)
+ κN
(
2a†ρa− aa†ρ− ρaa†
)
+ κMe−2iωLr t
(
2a†ρa† − a†a†ρ− ρa†a†
)
+ κM∗e2iωLr t (2aρa− aaρ− ρaa) . (14)
Note that throughout this paper we use natural units such that h¯ = 1. Here we assume
that the squeezing bandwidth dominates the decay rate κ of the cavity, enabling us
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to write the damping of the cavity in the standard form of (14). For clarity, we will
assume in this section that the term Lsponρ describing atomic spontaneous emission may
be neglected. In section 4 the effects of spontaneous emission will be included.
3.2. Adiabatic elimination of excited states
To investigate the essential dynamics of this system, we assume that the detuning of
the light field from the excited atomic state is very large, i.e.,
|∆r| ≫ κ, |Ωr| , |g| , γr, (15)
so that the state |r〉 may be adiabatically eliminated. This results in a master equation
(with the cavity in a frame rotating at the laser frequency) of the form
ρ˙ = −i [H, ρ] + Lcavρ, (16)
where
H = Hatom +Hcav +Hatom/cav , (17)
Hatom =
Ω2r
4∆r
σ+σ−, (18)
Hcav = − δa†a, (19)
Hatom/cav =
gΩr
2∆r
(
eiφσ+a+ e−iφσ−a†
)
+
g2
∆r
σ−σ+a†a, (20)
and
Lcavρ = κ(1 +N)
(
2aρa† − a†aρ− ρa†a
)
+ κN
(
2a†ρa− aa†ρ− ρaa†
)
+ κM
(
2a†ρa† − a†a†ρ− ρa†a†
)
+ κM∗ (2aρa− aaρ− ρaa) . (21)
Note that the “raising” and “lowering” operators between the atomic ground states are
defined as σ+ = |1〉 〈0| and σ− = |0〉 〈1|.
With the excited state eliminated we have an effective two-level system whose
interaction with the cavity mode is characterized by the parameters
βr =
gΩr
2∆r
, (22)
ηr =
g2
∆r
. (23)
Here βr is the coupling constant of the effective two-level system to the cavity mode
and ηr is the ac-Stark shift induced in ground state |0〉 per cavity photon.
3.3. Adiabatic elimination of cavity
Examining (20) we now see that the interaction between the cavity mode and the
atom is nearly in the Jaynes-Cummings form, except for the presence of an extra term
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ηrσ
−σ+a†a. To understand the effect of this term on the atomic ground states we
adiabatically eliminate the cavity mode by assuming that its decay rate κ is larger than
its coupling to the effective two-level atomic system. The time-scale assumptions we
have made are now
|∆r| ≫ κ, |Ωr| , |g| , γr, (24)
κ ≫ |βr| , |ηr| . (25)
To simplify the adiabatic elimination, we ensure that all of the cavity operators
coupling to the atom have zero mean by defining a new operator
n˘ = a†a−N. (26)
In order to eliminate systematic motion of the cavity mode at frequency δ, and also of the
atomic ground states due to their effective level shifts, we make a further transformation
to a new interaction picture relative to the Hamiltonian term:
H0 = −δa†a + Ω
2
r
4∆r
σ+σ− + ηrNσ
−σ+. (27)
After these minor transformations, the new master equation becomes
ρ˙ = −i
[
Hatom/cav, ρ
]
+ Lcavρ, (28)
with
Hatom/cav = βr
(
eiφeiδteiαtσ+a+ e−iφe−iδte−iαtσ−a†
)
+ ηrσ
−σ+n˘, (29)
and
Lcavρ = κ(1 +N)
(
2aρa† − a†aρ− ρa†a
)
+ κN
(
2a†ρa− aa†ρ− ρaa†
)
+ κMe−2iδt
(
2a†ρa† − a†a†ρ− ρa†a†
)
+ κM∗e2iδt (2aρa− aaρ− ρaa) . (30)
We have introduced a new parameter
α =
Ω2r
4∆r
− g
2N
∆r
=
β2r
ηr
− ηrN, (31)
which describes the difference in the level shifts experienced by the ground states |0〉
and |1〉.
We may now perform the adiabatic elimination of the cavity (following the method
used, e.g., in [18]) to obtain a master equation for the atomic ground states alone:
ρ˙ = + β2r
(
N + 1
κ− iα− iδ
){
σ−ρσ+ − σ+σ−ρ
}
+ β2r
(
N + 1
κ+ iα + iδ
){
σ−ρσ+ − ρσ+σ−
}
+ β2r
(
N
κ+ iα + iδ
){
σ+ρσ− − σ−σ+ρ
}
+ β2r
(
N
κ− iα− iδ
){
σ+ρσ− − ρσ−σ+
}
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+ β2r
(−κM
κ− iδ
)
e2iφe2iαt
κ+ iα− iδ
{
2σ+ρσ+
}
+ β2r
(−κM∗
κ+ iδ
)
e−2iφe−2iαt
κ− iα + iδ
{
2σ−ρσ−
}
+ η2r
(
1
2κ
)(
N(N + 1) +
κ2MM∗
κ2 + δ2
)
{
2σ−σ+ρσ−σ+ − σ−σ+ρ− ρσ−σ+
}
. (32)
3.4. Comparison to two-level atom
We are now in a position to analyze the differences between a two-level atom in a
squeezed vacuum and the three-level Λ-system interacting with squeezed light driving
the cavity.
First of all we may compare the master equations (32) and (1). There is a time
dependence in master equation (32), which can only be removed when parameters are
chosen such that α = 0. This is a prerequisite for keeping the phase of the atomic
quadratures constant with respect to the phase of the squeezed light. We see that the
detuning δ between the cavity and the laser has not provided a degree of freedom to
cancel with α as we might have hoped.
Even if we choose parameters such that α and δ are zero we still do not have a
master equation of the appropriate form (1) due to the term that is proportional to η2r .
This term may be interpreted as phase damping of the qubit caused by a coherent
scattering process between the atom and the intra-cavity photons.
To understand further the effect of the term containing η2r in (32) it is informative
to compare the Bloch equations for the Λ-system with those for a two-level atom in a
broadband squeezed vacuum. Taking α = 0, and choosing for clarity δ = 0 and M real,
the reduced master equation for the three-level Λ-system simplifies to
ρ˙ =
β2r
κ
(N + 1)
{
2σ−ρσ+ − σ+σ−ρ− ρσ+σ−
}
+
β2r
κ
N
{
2σ+ρσ− − σ−σ+ρ− ρσ−σ+
}
− β
2
r
κ
M
{
2σ+ρσ+ + 2σ−ρσ−
}
+
β2r
κ
P
{
2σ−σ+ρσ−σ+ − σ−σ+ρ− ρσ−σ+
}
, (33)
where we have defined the constant
P =
N(N + 1) +M2
2N
. (34)
The Bloch equations derived from (33) are then
d
dt
〈σx〉 = − β
2
r
κ
(2N + 1 + 2M + P ) 〈σx〉 , (35)
d
dt
〈σy〉 = − β
2
r
κ
(2N + 1− 2M + P ) 〈σy〉 , (36)
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d
dt
〈σz〉 = − 2β
2
r
κ
− 2β
2
r
κ
(2N + 1) 〈σz〉 . (37)
These equations may be compared to the Bloch equations (2–4) for a single two-level
atom in squeezed vacuum. We see that the two sets of Bloch equations are of the same
form (up to an overall rate) except for the extra term P present in the phase decay
terms for the Λ-atom in a cavity. This extra factor causes enhanced phase decay in
both quadratures but does not affect the populations or their decay rates.
Full equivalence between the Bloch equations (2–4) and (35–37) would be realised
if we could choose parameters such that P ≪ 2N + 1 − 2M . However, investigation
of this inequality reveals that, at best, P can be reduced to approximately 20% of the
value of 2N +1− 2M , and then only for very small values of M . Hence, there is always
significant phase decay in each quadrature and we conclude that it is not possible to
choose a parameter regime which permits the Λ-atom in a cavity to have similar phase
decay dynamics to the equivalent two-level atom. In addition, it is easy to establish
that it is not possible to choose values of N and M such that 2N + 1 − 2M + P < 1.
Thus, with the three-level Λ-system, it is not possible to reduce phase damping to a
degree which permits a quadrature decay rate lower than that obtained when the cavity
is damped by ordinary vacuum.
4. Four-level Λ-system
The time dependence in (32) arises from the differing level shifts experienced by states |0〉
and |1〉 in our effective two level system. This suggests that the addition of another level
shift into one of these ground states could provide a degree of freedom with which to
cancel the time dependence. A technique to achieve this is to virtually excite a fourth
atomic level by driving it selectively from one of the ground states via a second laser
field.
A new atomic level scheme to achieve this is shown in figure 3. This configuration
has the same basic structure as that shown in figure 2, except for the addition of a new
excited state |s〉 and a second laser field coupling it to level |0〉. We saw in section 3
that driving the system off Raman resonance (δ 6= 0) was not an effective approach
for cancelling the time dependence introduced by the level shifts. Therefore, we now
take δ = 0 (i.e. drive the transition |0〉 ↔ |1〉 on Raman resonance). The state |s〉 is
virtually excited from |0〉 by a second strongly detuned laser with Rabi frequency Ωs
and detuning ∆s. It has a spontaneous emission rate γs. We expect that the laser
field Ωs driving the transition |0〉 ↔ |s〉 will add an additional ac-Stark shift to the
ground state |0〉.
We saw for the three-level Λ-atom that the phase φ of the laser Ωr was only of
relevance when compared to the phase of the squeezed light, as seen in (32). Thus, for
clarity, this phase factor could have been included in M from the outset and otherwise
not considered. We take this approach in our analysis of the four-level Λ-system. Also
the phase of the laser Ωs is of no relevance and has been neglected.
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Figure 3. The atomic levels and transitions for a four-level atom, showing the resonant
Raman transition and the virtual excitation of state |s〉. The two driving lasers have
frequencies ωLr and ωLs , and Rabi frequencies Ωr and Ωs, respectively (both taken
real). The excited levels have frequencies ωr and ωs and spontaneous emission rates γr
and γs. The lasers are strongly detuned by ∆r = ωLr − ωr and ∆s = ωLs − ωs. As
drawn, the detunings ∆r and ∆s are negative.
For the four-level Λ-atom we analyze the effects of atomic spontaneous emission
(neglected in section 3). We take the spontaneous emission term from excited state |r〉
to be described by
Lsponρ = γr
2
b20 {2 |0〉 〈r| ρ |r〉 〈0| − |r〉 〈r| ρ− ρ |r〉 〈r|}
+
γr
2
b21 {2 |1〉 〈r| ρ |r〉 〈1| − |r〉 〈r| ρ− ρ |r〉 〈r|} . (38)
Spontaneous emission from the excited level |r〉 can proceed via two channels |r〉 → |0〉
and |r〉 → |1〉 with branching ratios b0 and b1 respectively, such that b20 + b21 = 1. We
shall see that we are free to increase ∆s so long as the ratio
Ωs
∆s
is kept the same. This
means that spontaneous emission from the excited level |s〉 can be made arbitrarily
small and may safely be neglected.
4.1. Adiabatic elimination of excited states
Following the same approach as for the three-level Λ-system we may again adiabatically
eliminate the excited states of the atoms with the timescale conditions
|∆r| , |∆s| ≫ κ, |Ωr| , |Ωs| , |g| , γr, γs, (39)
leading to the master equation for the cavity and the atomic ground states (in a frame
rotating at the cavity frequency) of
ρ˙ = −i
(
Heffρ−Heff †
)
+ Lsponρ+ Lcavρ, (40)
where
Heff =
(
∆r − iγr2
∆2r
){
g2a†aσ−σ+ +
Ω2r
4
σ+σ−
}
+
(
∆r − iγr2
∆2r
)
gΩr
2
(
aσ+ + a†σ−
)
+
Ω2s
4∆s
σ−σ+. (41)
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The form of Lcavρ is here identical to (21).
After the adiabatic elimination of the excited states the effect of spontaneous
emission from the excited state |r〉 is now described by
Lsponρ = γr
∆2r
(
D0ρD0
† +D1ρD1
†
)
, (42)
D0 = b0
(
gaσ−σ+ +
Ωr
2
σ−
)
, (43)
D1 = b1
(
gaσ+ +
Ωr
2
σ+σ−
)
, (44)
and is comprised of three varieties of spontaneous emission, characterized by the rates
γr
g2N
∆2r
, γr
g
√
NΩr
2∆2r
, γr
Ω2r
4∆2r
. (45)
To simplify the analysis we make the assumption that
|g|
√
N ≪ |Ωr| , (46)
and keep only the terms in (42) that depend on Ω2r . This leads to the master equation
ρ˙ = −i [H, ρ] + Laρ+ Lcavρ, (47)
where
H = Ha +Hac, (48)
Ha =
g2
∆r
Nσ−σ+ +
Ω2r
4∆r
σ+σ− +
Ω2s
4∆s
σ−σ+, (49)
Hac =
g2
∆r
n˘σ−σ+ +
gΩr
2∆r
(
aσ+ + a†σ−
)
, (50)
and
Laρ = b20
γr
2
Ω2r
4∆2r
(
2σ−ρσ+ − σ+σ−ρ− ρσ+σ−
)
+ b21
γr
2
Ω2r
4∆2r
(
2σ+σ−ρσ+σ− − σ+σ−ρ− ρσ+σ−
)
. (51)
Note that the action of the second driving laser has been to add an additional level shift
into the ground state |0〉, given by the third term in (49).
4.2. Adiabatic elimination of cavity
The further adiabatic elimination of the cavity requires parameters satisfying the bad-
cavity limit
κ≫ |βr| , |ηr| . (52)
Again we ensure that α = 0 in order to balance the level shifts in the effective ground
states and to ensure significant atomic squeezing. The definition of α is modified
somewhat from (31) and becomes
α =
Ω2r
4∆r
− Ω
2
s
4∆s
− g
2
∆r
N. (53)
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With the condition α = 0, the adiabatic elimination of the cavity leads to a master
equation for the atomic system alone
d
dt
ρ =
β2r
κ
(
N + 1 +
b20
2C
){
2σ−ρσ+ − σ+σ−ρ− ρσ+σ−
}
+
β2r
κ
N
{
2σ+ρσ− − σ−σ+ρ− ρσ−σ+
}
− β
2
r
κ
M
{
2σ+ρσ+
}
− β
2
r
κ
M∗
{
2σ−ρσ−
}
+
β2r
κ
P
{
2σ+σ−ρσ+σ− − σ+σ−ρ− ρσ+σ−
}
, (54)
where we have defined the constants
C =
g2
κγr
, (55)
P =
2g2
Ω2r
{
N(N + 1) +M2
}
+
b21
2C
. (56)
We may make some observations from this master equation. First of all, the overall rate
of the evolution of the density matrix is set by the value of β2r/κ. Therefore increasing
the detuning ∆r merely serves to slow the evolution to the steady state, but does
not otherwise change the overall dynamics. Also, the last line of the master equation
represents phase damping due both to spontaneous emission (from |r〉 to |1〉) and to
elastic photon scattering into the cavity mode. This scattering is naturally dependent
both on the degree of squeezingM as well as the mean photon number N as seen in (56).
4.3. Comparison to two-level atom
The Bloch equations for this master equation, taking M to be real, are
d
dt
〈σx〉 = − Γx 〈σx〉 , (57)
d
dt
〈σy〉 = − Γy 〈σy〉 , (58)
d
dt
〈σz〉 = − Γ− Γz 〈σz〉 , (59)
with damping constants
Γx =
β2r
κ
(2N + 1 + 2M +D) , (60)
Γy =
β2r
κ
(2N + 1− 2M +D) , (61)
Γz = 2
β2r
κ
{
2N + 1 +
b20
2C
}
, (62)
Γ = 2
β2r
κ
{
1 +
b20
2C
}
, (63)
and where we have additionally defined
D =
2g2
Ω2r
{
N(N + 1) +M2
}
+
1
2C
. (64)
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The conditions under which these Bloch equations have a similar form (up to an overall
rate) as equations (2–4) are that a) D is much less than 2N + 1− 2M , and b) the first
term dominates the second term in (63). These conditions may be written as
g2
Ω2r
≪ N +
1
2
−M
N(N + 1) +M2
, (65)
C ≫ 1
2 (2N + 1− 2M) , (66)
C ≫ b
2
0
2
. (67)
Note that (66) and (67) amount to the condition of strong coupling in cavity QED,
made somewhat more stringent due to the inhibited atomic decay rate associated with
the squeezed reservoir interaction (i.e., due to the factor 2N + 1− 2M < 1).
The addition of the fourth level has led to a significant improvement. It is now
possible to satisfy the condition α = 0, while simultaneously satisfying conditions (39,
52, 65, 66, 67). In particular, this may be achieved with the following steps:
(i) Choose basic cavity QED parameters g, κ and γ such that the strong coupling
conditions (66) and (67) are satisfied for the desired values of N and M .
(ii) Choose a value of Ωr sufficiently large that the phase damping is negligible and that
spontaneous emission arises predominantly from the laser excitation of the atom
rather than from cavity excitation (i.e. choose Ωr to satisfy both equations (65)
and (46)).
(iii) Choose ∆r so that our condition (52) for the adiabatic elimination of the cavity is
satisfied.
(iv) Finally, choose ∆s and Ωs so that α = 0 (as is required to balance the level shifts
in the ground states). Note that spontaneous emission from the excited state |s〉
occurs at a rate of γs
Ω2s
4∆2s
, whereas α depends on the term Ω
2
s
4∆s
, so spontaneous
emission from |s〉 can always be neglected with a sufficiently large choice of ∆s.
With these choices of parameters we can make the behaviour of the ground states of
a 4-level Λ-system in a cavity driven by squeezed light identical to the behaviour of a
free two-level atom interacting exclusively with squeezed light. This is the main result
of this paper.
4.4. Probe transmission spectrum
An identifiable signature of inhibited atomic phase decay is a feature of subnatural
linewidth in the spectrum of a weak coherent probe field transmitted through the
cavity [1, 2, 5]. When using a single probe field, the probe transmission spectrum is a
function of both quadrature decay rates Γx and Γy. This can to some extent diminish
the contribution from the particular quadrature that has reduced noise.
Therefore, in this section we introduce a technique employing a pair of probe
fields which are symmetrically distributed about the cavity frequency. By using two
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probe fields we can cancel the contribution from the noisy quadrature and measure
a probe transmission spectrum which depends only upon the quadrature with reduced
fluctuations (e.g. Γy whenM is real and positive). We consider the mean field amplitude
transmitted through the cavity when driven by a pair of weak probe fields, i.e.,
Hprobe = i
{
E(t)a† − E∗(t)a
}
, (68)
E(t) = E+e−i(ω+ν)t + E−e−i(ω−ν)t. (69)
Here ω is the cavity frequency, and E+ and E− are the weak complex driving amplitudes
of the two probe fields which are offset by frequencies ν and −ν respectively from ω. Of
course, the normal transmission spectrum for a single probe field can be recovered from
the more general case that we consider by taking E− = 0.
We assume here that α = 0 and that equations (39, 52, 65, 66, 67) are satisfied.
Then, the field amplitude is given by (see Appendix for details of derivation)
〈a(t)〉 = e−iνtA+p (ν) + eiνtA−p (ν), (70)
A+p (ν) =
E+
κ− iν +
β2r
2κ2
〈σz〉
(E+ + E−∗
Γx − iν +
E+ − E−∗
Γy − iν
)
, (71)
A−p (ν) =
E−
κ+ iν
+
β2r
2κ2
〈σz〉
(E− + E+∗
Γx + iν
+
E− − E+∗
Γy + iν
)
. (72)
Here we have defined probe transmission amplitudes for the upper and lower sidebands
as A+p (ν) and A
−
p (ν), respectively.
In practice, these amplitudes can be measured precisely using heterodyne
detection [5]. We can see from equations (71) and (72) that variation of the relative
phase of E+ and E−, while keeping |E+| = |E−|, results in the transmission spectrum
for both the upper and lower sidebands being selectively sensitive to only one of the
quadrature decay rates Γx or Γy. In particular, for E+ = E− = E , we have
A±p (ν) =
E
κ∓ iν +
β2r
κ2
〈σz〉 E
Γx ∓ iν , (73)
while for E+ = −E− = E ,
A±p (ν) =
±E
κ∓ iν ±
β2r
κ2
〈σz〉 E
Γy ∓ iν . (74)
We demonstrate this effect by plotting the upper sideband probe transmission
spectrum in figures 4 and 5. To generate these figures we have used realistic parameters
for g, κ and γr obtained in a recent cavity-QED single-atom trapping experiment [10].
Our use of a Λ-system means that the characteristic rate β2r/κ for the evolution of
the system is substantially smaller than κ. This means that the dip in the transmission
spectrum around ν = 0 is a narrow feature compared to the broad transmission spectrum
that would be seen for the cavity alone (topmost line in figures 4 and 5). With a modest
amount of ideal squeezing (N = 0.5, M =
√
0.75) we see a significant narrowing of the
central feature in the probe spectrum (for E+ = −E−) as a result of the quadrature noise
reduction.
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Figure 4. Upper sideband probe transmission spectrum
∣∣A+p (ν)∣∣2 for a 4-level Λ-atom
in a cavity driven by squeezed light. Both the upper and lower sidebands are probed,
with E+/(2pi) = 0.01 MHz and E−/(2pi) = −0.01 MHz. The topmost curve shows the
response expected for a cavity containing no atoms. The lower two curves show the
upper sideband transmission spectrum for ideal squeezed driving (M =
√
N(N + 1)
and ordinary vacuum (N = M = 0), with g/(2pi) = 24 MHz, κ/(2pi) = 4.2 MHz
and γr/(2pi) = 5.2 MHz as realised in a recent single-atom trapping experiment [10].
Other relevant parameters are g/Ωr = 0.1, Ωr/∆r = 0.05 and α = 0, which give
βr/(2pi) = 0.6 MHz and ηr/(2pi) = 0.12 MHz. Note that we have taken branching
ratios for atomic spontaneous emission to be b0 = b1 = 1/
√
2.
It may also be seen from equations (70–72) that when the incident probe field
contains only the upper sideband (i.e., when E+ 6= 0, E− = 0) then, provided M 6= 0, a
finite amplitude lower sideband develops in the transmission. In particular, if E− = 0,
and E+ = E+∗ = E , then
A−p (ν) =
β2r
2κ2
〈σz〉 E
(
1
Γx + iν
− 1
Γy + iν
)
= E β
2
r
2κ2
〈σz〉
(
Γy − Γx
(Γx + iν) (Γy + iν)
)
= − 2E β
4
r
κ3
〈σz〉 M
(Γx + iν) (Γy + iν)
, (75)
since
Γy − Γx = −4β
2
rM
κ
. (76)
The dependence on M indicates that this effect is a consequence of correlations in the
input squeezed light. Examples of the lower sideband transmission spectrum for this
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Figure 5. Magnified version of figure 4. Upper sideband probe transmission spectrum∣∣A+p (ν)∣∣2 for a 4-level Λ-atom in a cavity driven by squeezed light. This graph has a
smaller range of frequencies than figure 4 and shows curves for different relative phases
of E+ and E−, with E+/(2pi) = 0.01 MHz. Variation in the phase of E+ and E− results in
the difference in linewidths seen between the solid and dashed lines. The lowest curve
shows the natural linewidth associated with the cavity driven by ordinary vacuum.
case are shown in figure 6. Importantly, the width of the spectral feature is again
subnatural (compared to the “ordinary vacuum” width 2β
2
r
κ
/(2pi) = 0.17 MHz).
Finally, for completeness, in figure 7 we plot the standard probe transmission
spectrum, i.e.,
∣∣∣A+p (ν)∣∣∣2 for E+ 6= 0 and E− = 0. The structure of the central feature is
now determined by both Γx and Γy, but again the narrowing due to quadrature noise
reduction is clearly visible.
5. Conclusions
We have proposed a simple system, based on a 4-level Λ-atom in a cavity, which has the
same interaction with squeezed light driving the cavity as a free 2-level atom interacting
exclusively with broadband squeezed light.
We have identified two major conditions that must be satisfied for this equivalence
to be established. Firstly, the level shifts which are induced in the two atomic ground
states by the laser driving the Raman transition and by the intra-cavity photons must
be balanced. This keeps the quadratures of the atomic ground states in phase with
the squeezing incident on the cavity. The fourth atomic level and its associated driving
laser are used to achieve this balancing. Secondly, a parameter regime must also be
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Figure 6. Lower sideband probe transmission spectrum
∣∣A−p (ν)∣∣2 for a 4-level Λ-atom
in a cavity driven by squeezed light characterized by N = 0.5 and M2 = 0.75. Only
the upper probe sideband is driven with E+/(2pi) = 0.01 MHz and E− = 0. Other
parameters are the same as in figure 4.
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Figure 7. Upper sideband probe transmission spectrum
∣∣A+p (ν)∣∣2 for a 4-level Λ-atom
in a cavity driven by squeezed light. Only the upper probe sideband is driven with
E+/(2pi) = 0.01 MHz and E− = 0. Other parameters are the same as in figure 4.
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chosen in which phase-damping of the atoms is negligible. The level shift associated
with intra-cavity photons causes this phase-damping, which may be considered as a
two-photon elastic scattering process between the atomic ground state and the photons
in the cavity. With only a 3-level atomic system there is not sufficient flexibility to
simultaneously satisfy both these conditions.
An optical cavity is used, in the (“effective”) bad-cavity limit, to create an atom
that is effectively one-dimensional. Therefore, we need only squeeze the modes into
which the cavity mode decays and do not need to squeeze the full 4pi of modes with
which an atom in free space interacts. The bandwidth of the squeezing must only exceed
the bandwidth of the cavity. These are substantially simpler technical challenges.
The 4-level system considered in this paper might be used to demonstrate the
inhibited quadrature decay rates associated with atomic squeezing. Therefore, we have
considered a technique to assist in the detection of the line-narrowing which is the direct
signature of atomic squeezing. By employing an appropriate pair of probe fields that
are symmetrically placed around the resonant frequency of the cavity we may measure a
probe transmission spectrum that is dependent only on the reduced atomic quadrature
decay rate.
Finally, we note that the basic conditions elucidated in this paper are also applicable
to systems containing more than one atom. The requirements to balance the level
shifts of the effective ground states and to minimize phase-damping should persist when
attempting to create spin-squeezing in larger atomic ensembles. The squeezing created
in the atomic ground states is in principle long-lived and will endure when all of the
light sources are turned off, making systems of more than one atom particularly suitable
for the creation of entangled states of multiple atoms.
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Appendix. Probe transmission spectrum
In this appendix we outline the approach taken to calculate the probe transmission
spectrum for the 4-level Λ-atom in a cavity, when driven by squeezed light and by a pair
of weak coherent probe fields symmetrically distributed about the cavity frequency.
The interaction-picture perturbation of our system from its steady-state value ρeq
is given by [19]
ρ(t) = ρeq − i
∫ t
−∞
dt′ [Hprobe (t
′) , ρeq] , (A.1)
where the interaction of the two probe fields with the cavity mode is described by
Hprobe(t) = i
{
E(t)a† − E∗(t)a
}
, (A.2)
E(t) = E+e−iνt + E−eiνt. (A.3)
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From this it may be shown that
〈a(t)〉 = e−iνt
∫ ∞
0
dτ eiντA(τ) + eiνt
∫ ∞
0
dτ e−iντB(τ), (A.4)
A(τ) = E+
〈[
a(τ), a†
]〉
− E∗− 〈[a(τ), a]〉 , (A.5)
B(τ) = E−
〈[
a(τ), a†
]〉
− E∗+ 〈[a(τ), a]〉 . (A.6)
We must now evaluate the commutators of the two-time correlation functions of
the cavity modes. The quantum Langevin equation for the evolution of a(t) is
d
dt
a(t) = −κa(t) + gσ−(t) +
√
2κain(t), (A.7)
where ain(t) is a quantum noise operator satisfying[
ain(t), a
†
in(t
′)
]
= δ (t− t′) . (A.8)
The formal solution to (A.7), in the limit of κ large and σ− slowly varying, is
a(t) =
βr
κ
σ−(t) +
√
2κ
∫ t
0
dt′ e−κ(t−t
′)ain(t
′). (A.9)
Evaluation of the commutators in (A.5) and (A.6), using (A.9), gives
〈[a(t), a(t′)]〉 = β
2
r
κ2
〈[
σ−(t), σ−(t′)
]〉
+ βr
√
2
κ
∫ t
0
dτ e−κ(t−τ)
〈[
ain(τ), σ
−(t′)
]〉
+ βr
√
2
κ
∫ t′
0
dτ ′ e−κ(t
′−τ ′)
〈[
σ−(t), ain(τ
′)
]〉
(A.10)
and 〈[
a(t), a†(t′)
]〉
=
β2r
κ2
〈[
σ−(t), σ+(t′)
]〉
+ βr
√
2
κ
∫ t
0
dτ e−κ(t−τ)
〈[
ain(τ), σ
+(t′)
]〉
+ βr
√
2
κ
∫ t′
0
dτ ′ e−κ(t
′−τ ′)
〈[
σ−(t), a†in(τ
′)
]〉
. (A.11)
We may now use the standard input and output relation, which holds for any atomic
operator x(t),
[x(t), ain(t
′)] = −u(t− t′)βr
√
2
κ
[
x(t), σ−(t′)
]
, (A.12)
to express the expectation values of two-time correlations of the cavity operator a in
terms of atomic correlations:
〈[a(τ), a]〉 = − β
2
r
κ2
〈[
σ−(τ), σ−
]〉
, (A.13)
〈[
a(τ), a†
]〉
= e−κτ − β
2
r
κ2
〈[
σ−(τ), σ+
]〉
. (A.14)
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These in turn may be calculated from (57–59) to be〈[
σ−(τ), σ−
]〉
=
1
2
〈σz〉
(
e−Γxτ − e−Γyτ
)
, (A.15)
〈[
σ−(τ), σ+
]〉
= − 1
2
〈σz〉
(
e−Γxτ + e−Γyτ
)
. (A.16)
Substituting equations (A.13–A.16) into (A.4–A.6) leads to equations (70–72).
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